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First-principles phonon calculations have been widely performed for studying vibrational prop-
erties of condensed matter, where the dynamical matrix is commonly constructed via supercell
force-constant calculations or the linear response approach. With different manners, a supercell
can be introduced in both methods. Unless the supercell is large enough, the interpolated phonon
property highly depends on the shape and size of the supercell and the imposed periodicity could
give unphysical results that can be easily overlooked. Along this line, the concept of partition of
force constants is discussed, and addressed by NaCl, PbTiO3, monolayer CrI3, and twisted bilayer
graphene as examples for illustrating the effects of the imposed supercell periodicity. To diminish
the unphysical effects, a simple method of partitioning force constants, which relies only on the
translational symmetry and interatomic distances, is demonstrated to be able to deliver reasonable
results. The partition method is also compatible with the mixed-space approach for describing LO-
TO splitting. The proper partition is especially important for studying moderate-size systems with
low symmetry, such as two-dimensional materials on substrates, and useful for the implementation
of phonon calculations in first-principles packages using atomic basis functions, where symmetry
operations are usually not applied owing to the suitability for large-scale calculations.
I. INTRODUCTION
First-principles phonon calculations based on density
functional theory1,2 have been successful in describing
various vibrational and thermodynamic properties of
condensed matter, owing to the accurate description of
total energy surfaces against atomic displacements.3,4
Thanks to the computational power available nowadays,
not only is the amount of phonon calculations from first
principles rapidly increasing but also building phonon
databases via high-throughput calculations becomes es-
sential for large-scale exploration of new materials.5 The
underlying theoretical foundation for the most performed
phonon calculations relies on the harmonic approxima-
tion, which makes the physics easily accessible, and can
be straightforwardly extended for exploring anharmonic
effects,6,7 including the progress in the field of infor-
mation science, for example, the compressive sensing
method,8 in studying phonons with sufficient training
data. In the implementation, the dynamical matrices,
whose eigenvalues deliver the phonon dispersion, can be
constructed via the real-space force constants obtained
directly from the supercell calculations by displacing
the atoms from equilibrium through the finite-difference
method9–12 or the self-consistent calculations based on
the density functional perturbation theory (DFPT) in
the framework of linear response theory,13,14 where the
response, and therefore the dynamical matrix, can be
calculated at any arbitrary wave vector (~q) accurately.
As long as the harmonic approximation is valid, both
the supercell force-constant and linear response ap-
proaches should in principle reach the same result on
the condition that the supercell is large enough allow-
ing the forces decaying into negligible values away from
the displaced atom and the dynamical matrices are cal-
culated by DFPT at all the studied q points, respectively.
However, a large-scale supercell calculation, especially
for systems having imperfection, such as defects and the
presence of surfaces, could be difficult. For the case the
primitive-cell size is large, the difficulty still remains in
the adoption of linear response approach since the re-
quired self-consistent calculations are time-consuming.
In addition, the implementation with complicated func-
tionals in the framework of DFPT could be challenging.15
To reduce the computational effort for the DFPT calcu-
lation where getting a q solution is still affordable, the
dynamical matrices can be calculated only at the q grids
needed for the Fourier transform to obtain the real-space
force constants. Note that the dynamical matrix can be
considered as the reciprocal-space force constants regard-
less of the atomic mass. In this context, a denser q-mesh
corresponds to a larger supercell and can have more com-
plete long-range interatomic force constants that can be
used for interpolating full phonon dispersion with higher
accuracy.
Although the linear response approach can deliver ac-
curate results without resorting to the Fourier transfor-
mation, which can be considered as the exact theoret-
ical solutions for the harmonic approximation, the su-
percell force-constant calculations have still been exten-
sively adopted for studying phonon properties. This is
because the concept of force constants in real space is
intuitive. Meanwhile, the implementation of DFPT16 is
not available in most of the first-principles packages using
atomic basis functions,4 which are efficient for large-scale
calculations.17–22. Moreover, the constructed dynamical
matrices via the supercell force-constant approach are
expected to be consistent with those obtained by DFPT
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2for the wave vectors commensurate with the adopted su-
percell. In this case, the requirement for having negli-
gible forces away from the displaced atom becomes ir-
relevant. Although the commensurability offers a lur-
ing way to investigate phonons at the high-symmetry
points in the Brillouin zone, the number of those q vec-
tors is quite limited. To describe thermodynamic proper-
ties via phonon density of states, the phonon dispersion
in the entire Brillouin zone is needed. Recently, there
are several important efforts that have led to great im-
provements of determining phonon properties associated
with the incommensurate q vectors, such as the inclu-
sion of a denser q-mesh only in the region where more
accurate Fourier interpolations are required,23 the com-
pressive sensing lattice dynamics (CSLD) method24 for
better fitting phonon dispersion by modeling the force
constants, and the mixed-space method25,26 for better
interpolating the frequency splitting between the longitu-
dinal optical and transverse optical (LO-TO) modes due
to the dipole-dipole interactions. Very recently, higher-
order multipolar interactions between atoms are found
to be important for improving the acoustic phonon dis-
persion around the Brillouin zone center in piezoelectric
materials.27 Along this line, we will address an issue of
partitioning force constants, which can improve the in-
terpolated phonon properties associated with the incom-
mensurate q vectors while keeping those with the com-
mensurate ones unaffected, for the phonon calculations
using the supercell force-constant approach.
The paper is organized as follows. The dynamical ma-
trix, including the non-analytic contribution, and how
the mixed-space method can be used to interpolate the
phonon dispersion with LO-TO splitting using the super-
cell force-constant method are given in Sec. II. The con-
cept of partition of interatomic force constants and the
related formulae are discussed in Sec. III A. In Sec. III
B, a useful partition method is proposed. The applica-
tions of the proposed partition method to NaCl, PbTiO3,
monolayer CrI3, and twisted bilayer graphene are pre-
sented in Sec. IV. Finally, a summary is given in Sec. V.
II. DYNAMICAL MATRIX
The dynamical matrix, D, whose eigenvalues give the
phonon frequencies (more precisely, the squares), can be
constructed via the interatomic force constant, C:
Dstαβ(~q) =
1√
MsMt
N∑
l=1
Cstαβ(0, ~Rl)e
i~q·~Rl , (1)
where Ms and Mt denote the mass of atoms s and t
belonging to the primitive unit cell, respectively, and α
and β index the Cartesian components (x, y, and z). ~Rl
labels the primitive lattice vector and l sums over the
primitive unit cells in the supercell, so N indicates the
number of the primitive unit cells in the supercell.
The non-analytic contribution, naD, which should be
added to Eq. 1 to account for the LO-TO splitting in the
long-wavelength limit (~q → 0),28 is expressed as
naDstαβ =
4pie2
V
(q ·Z∗s )α(q ·Z∗t )β
q · ∞ · q , (2)
where V denotes the volume of the primitive unit cell. Z∗
and ∞ denote the Born effective charge and the high-
frequency dielectric constant, respectively. Since the ex-
pected weight of the non-analytic contribution is 1 at Γ
(more precisely, at ~q → 0) and 0 at the commensurate
q points, an adjustable damping function, for example,
e−aq
2
, can be introduced to the weight for interpolating
the phonon dispersion.29 However, it should be noted
that a Gaussian function cannot be entirely reduced to
zero by a finite q. On the other hand, the weight has
been chosen as the factor,
f(~q) =
1
N
N∑
l
ei~q·~Rl , (3)
in the mixed-space method,25,26 which guarantees the re-
quired values of 1 and 0 at Γ and the commensurate q
points, respectively. As a result, the term,
4pie2
NV
(q ·Z∗s )α(q ·Z∗t )β
q · ∞ · q , (4)
can be added together with the force constant to share
the same phase factor, ei~q·~Rl , described in Eq. 1. The
mixed-space method has been widely implemented in
most of the phonon packages adopting the supercell force-
constant approach.30–34
To construct the dynamical matrix of a system, each
primitive-cell atom in the supercell needs to be displaced,
and the complete force constants can be obtained from
the 3 × Natom supercell calculations, where Natom de-
notes the number of atoms in the primitive unit cell.
For a system with low symmetry, the required 3×Natom
calculations cannot be reduced significantly and the so-
called supercell could be the primitive unit cell itself, for
example, in the case of studying the slab system with
a surface reconstruction where the primitive unit cell is
large enough for exploring desired phonon properties and
doubling the in-plane unit cell is already unfavorable for
computation due to the thickness of the slab. One of
the good strategies for studying this system is to fit the
forces using the CSLD method24 by performing a smaller
number (< 3 × Natom) of supercell calculations. In this
study, we focus on how to improve the obtained force
constants from a supercell that cannot be enlarged sig-
nificantly due to the computational cost but is not large
enough allowing the forces decaying into negligible values
away from the displaced atom.
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FIG. 1. (a) A schematic two-dimensional structure with the
reference atom A plotted at the supercell center. (b) A hollow-
site adatom B is introduced and its periodic counterparts C
and D are also presented. (c) Similar to (b), adatom B is
introduced but deviates from the perfect hollow-site position,
and its periodic images, C and D, are closer to atom A. (d)
Another choice of supercell (blue rectangle) of the structure
shown in (c) is presented together with the WignerSeitz cell
(dashed lines). All of the guiding circles are centered at A.
III. PARTITION OF FORCE CONSTANTS
In the supercell force-constant calculations, the pres-
ence of the periodic images of atoms results in superposed
forces in the supercell. For a system where the decaying
behavior of the interatomic force constants is known, the
superposed force constants can be partitioned into the in-
dividual contributions of the images. However, to analyze
the decaying behavior of the force constants is challeng-
ing and might require larger-scale supercell calculations
prior to the phonon calculations. As the supercell size
increases, the effect of the superposed forces on the inter-
polated phonon dispersion becomes less significant. How-
ever, without having a supercell that is immune to giving
unphysical results due to the shape and size, a proper
partition of force constants is suggested. In Sec. III A,
the concept of partitioning force constants and a tradi-
tional partition method are discussed. Subsequently, a
useful partition method is introduced in Sec. III B.
A. Concept and formulation
A model structure of two-dimensional material is pre-
sented in Fig. 1(a) to illustrate the concept of partition
of force constants. For clarity, the substrate is not shown
and the reference atom A is plotted at the center of the
unit cell, which is always possible owing to the periodic
boundary condition. It can be observed that there are
four periodic repeats of the corner atom and two pairs
of periodic repeats at the boundary. Obviously, there
is only one force that can be obtained for each set of
periodic atoms after displacing atom A. In the litera-
ture, it was suggested that the force can be divided by
the number of the periodic atoms locating at the super-
cell boundary.10,12 This traditional partition method, di-
viding the force with an equal amount into the periodic
atoms does provide a more symmetric distribution of the
force constants and therefore a better interpolation of
phonon dispersion for the non-commensurate q vectors.
For example, the biased A-B and A-C force constants
are divided by two for getting the A-B and A-B′ force
constants and four for A-C, A-C′, A-D, and A-D′ force
constants, respectively. Note that the partition is also
needed for the interpolation procedure in the linear re-
sponse approach, where the real-space force constants are
obtained via the Fourier transform.
It is interesting to reformulate the dynamical matrix,
Dstαβ(~q), by the partitioned force constant C
′ together
with the associated weight W :
Dstαβ(~q) =
1√
MsMt
N∑
l=1
∞∑
L
C
′st
αβ(0, ~Rl + ~RL)e
i~q·(~Rl+~RL), (5)
and
C
′st
αβ(0, ~Rl + ~RL) = W
st
αβ(~Rl + ~RL)C
st
αβ(0, ~Rl) (6)
with
∞∑
L
W stαβ(~Rl + ~RL) = 1, (7)
where ~RL denotes the supercell lattice vector. In the tra-
ditional partition method, the weight is 0 for the atom t
outside the supercell and 1 inside the supercell. For the
periodic atoms at the supercell boundary, the weight is
obtained by dividing 1 with the number of the periodic
atoms. The beauty of the partition method is that the
original dynamical matrices are unaffected at the com-
mensurate vectors (~qexact) because of e
i~qexact·~RL = 1.
It should be addressed that there are abundant ways to
satisfy Eq. 7. Regarding that the strength of A-D force
constants should be smaller than the A-C ones due to the
longer distance, another choice of partition is to divide
the A-C force by two instead of four. At this step, the
sum rule is still satisfied because the weight becomes 0.5,
0.5, 0, and 0 for the four atoms by treating the A-D and
A-D′ weight as 0 and the total sum is still 1. However, af-
ter applying rotational symmetry to further redistribute
the force constants between atoms B and C, there is no
guarantee that the phonon properties remain the same at
the commensurate q vectors since atoms B and C do not
belong to the same periodic set. Although the symme-
try operation does recover the rotational symmetry if the
system has the symmetry, it should be applied with cau-
tion; otherwise, all the phonon properties could become
4the interpolated ones. For the case of hexagonal sym-
metry, it has been pointed out that a special treatment
is needed other than the traditional partition method.14
In Sec. III B, we will focus on how to improve the in-
terpolation while avoiding affecting the solutions at the
commensurate q vectors.
We now consider an adatom B, located at the hollow
site as shown in Fig. 1 (b). Clearly, the atoms C and D,
which are the periodic counterparts of adatom B, are out-
side the supercell but cannot be neglected in analyzing
the force constants associated with the reference atom
A. For this case, atoms C and D can be found by apply-
ing the translational symmetry or rotational symmetry.
For the supercell shown in Fig. 1(c), the adatom B is as-
sumed to deviate from the perfect hollow-site position. If
one considers only the force constants of the atoms inside
the supercell, the force constants of the shorter-distance
A-C and A-D counterparts will be overlooked. The re-
sultant force constants can be unphysical depending on
the strength of the A-B force constants, and the obtained
vibrational modes could be incorrect even though the fre-
quencies might still be close to the exact solutions. In
this case, to obtain the periodic counterparts, what we
need to do is to apply the translational symmetry, not
the rotational symmetry.
Alternatively, the supercell shown in Fig. 1(c) can be
reshaped to the rectangular one shown in Fig. 1(d). How-
ever, the seemingly more symmetric distribution of the
force constants cannot deliver the exact solutions at the
originally commensurate q points, for example, the high-
symmetry points in the Brillouin zone of the primitive
unit cell, since selecting a supercell is equivalent to the se-
lection of the exact q points. Moreover, the WignerSeitz
cell shown in Fig. 1(d), which is a good choice for describ-
ing the force constants, explicitly rules out the contribu-
tions of adatom B and longer-distance corner atoms in
the original supercell that could still play an important
role. Even for a cubic or tetragonal unit cell, as shown
in Fig. 2(b), the contribution of longer-distance corner
atoms are also ruled out by the choice of WignerSeitz
cell in the case a reference atom slightly deviates from
the center in the equilibrium structure. Therefore, it is
timely to introduce a more flexible partition method.
B. Partition method by distance
We have introduced the weight for partitioning force
constants in Eqs. 6 and 7. Here, we propose a simple
way to choose the weight based on the interatomic dis-
tance and translational symmetry. For a given supercell,
for example, the one shown in Fig. 2 (a) or (b), three
regions, I: r < rinner, II: rinner ≤ r ≤ router, and III:
r > router, can be defined based on the following consid-
eration. The shorter-range interatomic force constants
are expected to be more easily captured by the supercell
force-constant method so it is desirable not to partition
these force constants. The inner radius of a reference
rinner
router
a
b
Region III
Region II
Region I
rinnerrouter
a
b
Region I
Region II
Region III
(a) (b)
B
A
′ 
B
FIG. 2. (a) A supercell contains 16 atoms. The reference
atom has been shifted to the supercell center. The inscribed
and circumscribed circles centered at the supercell center
with their radii, rinner and router, are presented, respectively.
Three regions, I: r < rinner, II: rinner ≤ r ≤ router, and III:
r > router, can be defined. (b) Only two of the atoms, A
and B, are shown in a supercell where the A-B interaction is
considered to be important. A longer router is chosen to take
into account the A-B′ force constants. Note that the lattice
constant a might not be the same as b in both (a) and (b),
and the circles become spheres in three dimensions.
atom, rinner, can then be chosen such that the force con-
stants between the reference atom and the atoms in the
region I (r < rinner) remain intact. In this case, the
corresponding weight is set to 1. For the short-range in-
gredients of force constants, for example, coming from a
covalent bond between atoms responsible for higher fre-
quencies, partitioning such force constants could lead to
incorrect results. For the long-range ingredients, for ex-
ample, coming from the dipole-dipole interactions, the
superposed force constants in the region I provide an ef-
fective description for the set of periodic images. Up
to this point, the adopted force constants are consistent
with those described by the sophisticated supercell force-
constant methods.
The rest of the interatomic force constants, especially
those around the supercell boundary, are relevant to pos-
sibly giving unphysical results. Considering the long-
range force constants are small, a longer radius router can
be chosen such that the force constants can be set to zero
in the region III (r > router). As a result, the force con-
stants in the region II (rinner ≤ r ≤ router) are responsi-
ble for effectively describing the remaining contribution
and are going to be partitioned. Generally speaking, the
suitable values of rinner and router depend on the studied
system. Considering that the supercell boundary should
be included in the region II, the inscribed and circum-
scribed spheres centered at the supercell center can be
chosen for the inner and outer spheres, respectively. In
this way, the radii of the two spheres, rinner and router,
can be easily defined for an arbitrary supercell, for exam-
ple, the rinner and router illustrated in Fig. 2 (a). This
simple choice will be applied to four systems in Sec. IV.
For the case where the atoms outside the proposed outer
5sphere are deemed important, the router should be set
to a longer value to include those atoms. In Fig. 2 (b),
such a different choice is illustrated based on the physical
consideration. Note that all the atoms in a supercell can
be translationally shifted to the supercell center so the
same rinner and router can be adopted for all the atoms.
Once rinner and router are determined, the weight of
force constants among the periodic atoms in the region II
that satisfy the translational symmetry described by the
supercell lattice vectors can be redistributed. To unam-
biguously redistribute the weight is not easy even if the
force constants are purely described by the dipole-dipole
interactions. This is because different periodic atoms in
the region II share the same periodic images in the re-
gion III so that the exact form of dipole-dipole interaction
cannot be unambiguously used to determine the effective
weight. Nevertheless, it is still reasonable to assume that
the weight for each periodic atom in the region II is in-
versely proportional to rd, where r denotes the radius of
the corresponding circle, that is, the atom-reference atom
distance. After applying the r−d weight for the atoms,
the weight should be normalized to 1 to guarantee the
unaffected solutions at the commensurate q vectors.
The suitable value of d also depends on the studied
system and should be treated as a tunable parameter. In
fact, this single parameter does not need to reflect the
decaying behavior of the force constants in the region I
but is intended to recover the relative weight among the
periodic atoms in the region II. Considering the rapidly
decaying nature of the strength of force constants against
distance, a value between 3 and 5, consistent with those
described by the dipole-dipole interactions, could be a
reasonable choice. For a larger value of d, whose effect
mainly tends to redistribute the weight for the force con-
stants associated with the shortest distance between the
reference atom and the atoms in the region II, could also
be a good choice. Therefore, the converged dispersion
curves with the increasing value of d, where the conver-
gence means no prominent change, offer a way to esti-
mate the suitable value of d, but such a value should
avoid introducing new types of imaginary frequencies.
The applicability of the proposed partition method and
the suitable values of d will be discussed for four systems
in Sec. IV.
In addition, it is worth mentioning that the partition
method is compatible with the mixed-space method be-
cause there exist degrees of freedom in performing Eq. 3
for a periodic system. Therefore, the same weight can
be used to partition the non-analytic contribution. In
the DFPT calculations, it is common to use the exact
dipole-dipole interactions, which do not need to follow
the supercell periodicity, to separate the short-range con-
tributions from the full contributions at the selected q-
mesh and the real-space short-range force constants can
then be obtained via the Fourier transform.14 However,
it should be noted that while the separation is possible
at each selected q vector, the resultant short-range force
constants can be modified owing to the degrees of free-
dom in choosing the real-space R or reciprocal-space q
grids in performing the Fourier transform, where the is-
sue of partition becomes relevant. In the CSLD method,
the separation of force constants into the short-range and
the long-range dipole-dipole contributions is processed in
real space and the Fourier transformation is also needed
for constructing the dynamical matrices.24 In this case,
the physical properties of the fitted forces, such as the
delivered symmetry and Hermiticity of the dynamical
matrices, are responsible for delivering accurate phonon
dispersions.
IV. APPLICATIONS
The applicability of the proposed partition method
for the phonon dispersions in NaCl, PbTiO3, monolayer
CrI3, and twisted bilayer graphene are studied here. All
of the relaxed atomic forces in equilibrium are less than
0.0001 Ha/Bohr.
A. Phonon dispersion in NaCl
NaCl, crystallizing in the rock salt structure, is
adopted as the first example and the traditional par-
tition method is expected to fail in general due to
the primitive-cell shape of the face-center-cubic struc-
ture (FCC). The first-principles calculations were per-
formed using OpenMX code, where the generalized gra-
dient approximation (GGA), norm-conserving pseudopo-
tentials, and optimized pseudo-atomic basis functions
were adopted.22,35–38 Three, two, and one optimized ra-
dial functions were allocated for the s, p, and d orbitals,
respectively, for the Na atom with a cutoff radius of 9
Bohr, denoted as Na9.0-s3p2d1. For the Cl atom, Cl7.0-
s2p2d1 was used. A 12 × 12 × 12 k-point sampling was
adopted for the primitive unit cell. A cutoff energy of
400 Ha was used for the numerical integrations and for
the solution of the Poisson equation. The structure, in-
cluding the unit cell and atomic positions, is fully relaxed
relying on the chosen numerical grids without imposing
the Fm3¯m symmetry. The relaxed lattice constant was
found to be 5.72A˚. The 6 × 6 × 6 supercell, containing
432 atoms, was chosen for the phonon calculation, where
the force constants were obtained by the adoption of a
displacement of 0.05A˚.
After displacing one of the Na or Cl atoms towards
its first neighbor in the 6 × 6 × 6 supercell, say, along
the x direction, the experienced forces of the neighboring
atoms along the same direction are expected to decay
with the increasing interatomic distance. As shown in
Fig. 3 (a), the strength of the forces drops significantly
beyond ∼ 6A˚. However, the forces are not converged to
zero but oscillate around zero even at a long distance
of ∼ 12A˚, which suggests that a larger supercell and
denser real-space grids in describing the charge density
and atomic basis functions are needed. In Fig. 3 (b),
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FIG. 3. (a) Force decay in NaCl along one dimension, cal-
culated in the 6 × 6 × 6 supercell containing 432 atoms us-
ing OpenMX code. Only the x-component forces of the x-
direction neighboring atoms of Na or Cl atom that is displaced
by 0.05A˚ along the x direction are analyzed here. The force
constants, obtained by dividing the forces by 0.05A˚, decay
rapidly against the distance but still oscillate around zero at
a long distance (∼ 12A˚). (b) Phonon dispersion of NaCl cal-
culated using the 6× 6× 6 supercell. The circles present the
result using the traditional partition method while the red,
black, green, and blue curves present the results using the
proposed partition method with d = 3, 5, 9, and 11, respec-
tively. The arrows indicate two degenerate frequencies at the
commensurate q points between Γ and X. LO-TO splitting is
not considered here.
without including LO-TO splitting, the phonon disper-
sion obtained from the traditional partition method is
presented by the circles. Several expected degeneracies
in NaCl24,39,40 are lifted, for example, the two transverse
acoustic branches along the path between Γ and X are not
degenerate except those at the commensurate q points in-
dicated by the arrows. The unaffected degeneracies at Γ,
X, L, and the other commensurate q points demonstrate
the powerfulness of the supercell force-constant phonon
calculations.
The lifted degeneracies suggest that the 6 × 6 × 6 su-
percell containing 432 atoms is not large enough to di-
minish the effect of the primitive-cell shape of FCC. To
improve the phonon dispersion at the non-commensurate
q points, the proposed partition method can be applied.
Although the decaying behavior of the force constants
against the distance has been investigated along the x
direction, the result may change for different combina-
tions of forces and displacements. Without resorting to
a more complicated form or adopting an average value
of d, the suitable value can be investigated by examin-
ing the dispersions with different values of d, which are
shown in Fig. 3 (b). Expectedly, the frequencies at the
commensurate q vectors are unaffected. Without explic-
itly applying the rotational symmetry, the degeneracy
for the two transverse acoustic branches between Γ and
X are recovered with the increasing value of d, and the
oscillating behavior at the q points close to Γ is dimin-
ished and averaged to degenerate bands. This oscillation
can exist in a larger supercell calculation in reflecting the
suppressed LO-TO splitting in the long-wavelength limit.
According to the dispersions, d = 5 is a good choice for
correcting the lifted degeneracy. Otherwise, d = 9 can
be chosen since it gives a converged result in compari-
son with the d = 11 result. Therefore, the convergence
can be used as a guidance to select the value of d since
recovering the proper weight of the force constants asso-
ciated with the shortest distance between the reference
atom and the atoms in the region II is important, espe-
cially in the case where the forces decay rapidly at the
supercell boundary. For a small supercell, like the prim-
itive unit cell itself, a large value of d might give a result
deviating from the exact solution owing to the expected
longer-range distribution of the force constants, but the
convergence can still be adopted for the guidance, which
will be discussed below.
To account for the LO-TO splitting in a polar system
from first principles, the mixed-space approach or the
linear response approach can be adopted. The mixed-
space method proposes a consistent way to incorporate
the non-analytic contribution with the interatomic force
constants, where the Born effective charges and dielectric
constants can be obtained from the linear response meth-
ods or via other calculations.41–43 The linear response
method allows for the calculations of dielectric constants,
Born effective charges, and the dynamical matrices using
the same framework. For NaCl, the DFPT solutions can
be obtained without heavy computations and the result
will be used to compare with those obtained from the
supercell force-constant calculations.
For consistency, the DFPT calculations13,14 together
with the 1× 1× 1 and 2× 2× 2 supercell force-constant
calculations were performed using ABINIT code,44 where
norm-conserving pseudopotentials,45 plane-wave basis
functions, and GGA were adopted. The cut-off energy
of 120 Ha and the 12 × 12 × 12 k-point sampling were
adopted. The structure was fully relaxed under Fm3¯m
space group symmetry. The relaxed lattice constant was
found to be 5.69A˚. The DFPT solutions directly calcu-
lated at the selected q points are presented by the red
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FIG. 4. Phonon dispersion of NaCl calculated using ABINIT
code. The DFPT dispersions obtained from the Fourier in-
terpolation with (a) 1× 1× 1 and (b) 2× 2× 2 q-meshes are
presented by the plus sign. The dispersions obtained from (a)
1 × 1 × 1 and (b) 2 × 2 × 2 supercell force-constant calcula-
tions using the traditional partition method are presented by
the black curves while the red, green, and blue curves present
the results using the proposed partition method with different
values of d (see the legends). The DFPT dispersion directly
calculated for the q vectors along the path is presented by the
red circles (exact). The dispersion obtained from the com-
pressive sensing lattice dynamics (CSLD) calculations using
the 4× 4× 4 conventional cell24 is depicted by the squares.
circles in Fig. 4, which can be treated as the exact solu-
tions. The DFPT dispersions obtained from the Fourier
interpolation with both 1× 1× 1 and 2× 2× 2 q-meshes,
denoted as DFPT (1×1×1) and (2×2×2), respectively,
are presented by the plus sign. In the supercell force-
constant calculations, the displacement of 0.05A˚ was
adopted. The dielectric constant, 2.487, and the Born ef-
fective charges, Na: 1.106 and Cl: -1.106, obtained from
DFPT were used for constructing the non-analytic term
of dynamical matrix.
The result of 1×1×1 supercell force-constant calcula-
tions is shown in Fig. 4 (a). In this primitive-cell calcula-
tion involving only two symmetry-related atoms, the dis-
persion using the traditional partition method can cap-
ture the overall behavior of the exact dispersion except
there are no degrees of freedom in splitting the acoustic
branches into three branches along the (q, q, 0) path. The
dispersions using our proposed partition method with dif-
ferent values of d indicate that increasing the value of d
does not always bring the dispersion closer to the ex-
act solution. For example, d = 1 can give a better re-
sult than d = 9 for some branches. But the result with
d = 9, which is converged to the result with d = 11 (not
shown), still provides good estimation of the phonon dis-
persion. Although the detailed description for the parti-
tion method implemented in the ABINIT code is unavail-
able in the literature, the DFPT (1 × 1 × 1) calculated
using the ABINIT code is presented for reference. It is
found that such an implementation is able to recover the
correct number of splitting. However, imaginary frequen-
cies have also been introduced in the dispersion.
The results of 2× 2× 2 supercell force-constant calcu-
lations and DFPT (2× 2× 2) are presented in Fig. 4 (b).
The result of DFPT (2×2×2) is now in good agreement
with the exact DFPT solution. For the supercell force-
constant calculations, since the supercell size is not large,
the directly calculated force constants must encounter a
highly asymmetric distribution due to the shape of the
supercell. The phonon dispersion using the traditional
partition method presented by the black curves in Fig. 4
(b) reflects such effects, for example, the degeneracy for
the transverse acoustic branches between Γ and X has
been lifted significantly. More seriously, imaginary fre-
quencies are found along the Γ-L path. The red, green,
and blue curves in Fig. 4 (b) present the results using
our proposed partition method with d = 5, 9, and 11, re-
spectively. Similar to the 6×6×6 supercell calculations,
the phonon dispersion with d = 9 is converged to that
with d = 11 and is in good agreement with both DFPT
calculations. The result with the properly partitioned
force constants is also in good agreement with the CSLD
result,24 as shown in Fig. 4 (b).
As shown in Fig. 4, the form, r−d, can provide good
estimation of phonon dispersion in both the 1×1×1 and
2×2×2 supercell force-constant calculations. The results
suggest that the value of d giving rise to the result closer
to the exact solution depends on the supercell size. With-
out having a good reference for the phonon dispersion,
the convergence of dispersion with the increasing value
of d can be adopted as the guidance for determining the
suitable value of d for a reasonable interpolation. How-
ever, the convergence needs to be examined with caution
by gradually increasing the value of d. An extremely
large value of d could easily give incorrect weight for tiny
numerical noise, for example, two periodic atoms having
almost the same distance to the reference atom can be
assigned with very different weight. As discussed ear-
lier, the value of d should avoid introducing new types
of imaginary frequencies, where maximizing the weight
for the atoms in the region II with the shortest distance
to the reference atom becomes inappropriate. Finally,
we emphasize that the proper partition is important for
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FIG. 5. (a) Phonon dispersion in PbTiO3 between Γ and
A(0.5, 0.5, 0.5) calculated using ABINIT code. The exact
DFPT dispersion is presented by the red circles. The DFPT
(2×2×2) result is presented by the green curves. The disper-
sion obtained from the 2 × 2 × 2 supercell calculations using
the traditional partition method is presented by the red curves
while the blue and black curves present the results using the
proposed partition method with d=1 and 13, respectively. (b)
Structure of PbTiO3. (c) Phonon dispersions obtained using
the traditional partition method and the proposed partition
method with different values of d (see the legends) around Γ.
improving not only the phonon dispersion but also the vi-
brational modes since the highly asymmetric distribution
of force constants can give unphysical vibrations.
B. Phonon dispersion in PbTiO3
The first-principles calculations of PbTiO3 were per-
formed using ABINIT code within GGA. The cut-off en-
ergy of 120 Ha, the 6 × 6 × 6 k-point sampling, and the
lattice constants of a = 3.902A˚ and c = 4.156A˚ were
adopted. The structure is shown in Fig. 5 (b). For the
phonon calculations, we focus on the 2× 2× 2 supercell
force-constant calculations and the DFPT dispersion ob-
tained from the Fourier interpolation with the 2× 2× 2
q-mesh. The displacement of 0.01A˚ was adopted for the
supercell force-constant calculations. The P4mm space
group symmetry was imposed in the DFPT calculations.
The DFPT dispersion calculated at the selected q points,
which is considered as the exact solution, is presented by
the red circles in Fig. 5 (a). The Fourier-interpolated
dispersion, denoted as DFPT (2× 2× 2), is presented by
the green curves. The dielectric constants and the Born
effective charges needed for describing the LO-TO split-
ting in the supercell force-constant method were obtained
from the DFPT calculations for consistency.
Overall, both dispersions obtained from the DFPT
(2 × 2 × 2) calculations and the 2 × 2 × 2 supercell
force-constant calculations using the traditional partition
method are in good agreement with the exact DFPT so-
lution except the undesired imaginary frequencies in the
acoustic branch between Γ and A, as shown in Fig. 5 (a).
The acoustic frequencies around Γ can be altered by mul-
tiple sources, such as the numerical noise induced by the
calculation precision,46 the imposed acoustic sum rule for
reaching zero frequencies at Γ, and lacking the rotational
symmetry or Hermiticity in the dynamical matrices.24
The incorrect description of higher-order multipolar in-
teractions in the piezoelectric materials could also lead
to imaginary frequencies.27 Here, we focus on the effect
of partitioning force constants in the region II on the
acoustic frequencies around Γ. The force constants asso-
ciated with the moderate-size 2×2×2 supercell allow us
to demonstrate the usefulness of the proposed partition
method.
The phonon dispersions obtained using the proposed
partition method with the values of d = 1, 5, 9, 13, and
17 are presented in Fig. 5 (c) for the path between Γ
and 2/5 of Γ to A. In this scale, the traditional parti-
tion method is observed to deliver imaginary frequencies
and the proposed partition method with d = 1 gives a
band having more imaginary-frequency modes. However,
with the increasing value of d, a trend of disappearance
of imaginary-frequency modes can be clearly identified.
By switching the value of d from 5 to 9, the imaginary-
frequency modes disappear, similar to the case experi-
encing a phase transition. The comparison between the
results with d = 13 and d = 17 indicates the slow conver-
gence of the lowest-frequency band against the value of
d. The dispersions with different values of d demonstrate
the sensitivity of the acoustic frequencies to the redis-
tribution of the weight among the atoms in the region
II, and it is expected that the frequencies can be easily
altered by the numerical noise introduced to the calcula-
tions. In the present case, the proposed partition method
can systematically recover the proper weight among the
atoms in the region II. In Sec. IV D, we will show that
a larger supercell is needed to more accurately describe
the weight in the original region II where the simple form,
r−d, cannot further improve the dispersion.
C. Phonon dispersion in monolayer CrI3
The first-principles calculations of monolayer CrI3 were
performed using ABINIT code within the local density
approximation (LDA). The cut-off energy of 40 Ha, the
6 × 6 k-point sampling, and the hexagonal lattice con-
stant of a = 6.859A˚ were adopted for the calculations.
The atomic positions were relaxed without imposing the
space group symmetry and the CrI3 layers were separated
by ∼ 20A˚ to avoid the interlayer interactions. The prim-
itive unit cell containing two Cr atoms forming the an-
tiferromagnetic order is presented in Figs. 6 (a) and (b).
For the phonon calculations, the 1 × 1 and 2 × 2 super-
cell force-constant calculations were performed with the
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monolayer CrI3. (c) The DFPT (1×1) result calculated using
ABINIT code is presented by the black curves. The disper-
sion obtained from the 1 × 1 supercell calculations using the
traditional partition method are presented by the red curves
while the green and blue curves present the results using the
proposed partition method with d=11 and 13, respectively.
displacement of 0.1A˚. The DFPT dispersions obtained
from the Fourier interpolations with the 1×1, 2×2, and
3 × 3 q-meshes, denoted as DFPT (1 × 1), (2 × 2), and
(3 × 3) were presented in Fig. 6 (c) and Fig. 7, respec-
tively. The dielectric constants and the Born effective
charges needed for describing the LO-TO splitting in the
supercell force-constant method were obtained from the
DFPT calculations for consistency.
The dispersions obtained from the 1 × 1 supercell
force-constant calculations using the traditional partition
method and the proposed partition method with d = 11
and d = 13 are shown in Fig. 6 (c). The d = 11 re-
sult, which is converged to the d = 13 result, does not
reveal a significant difference from the result using the
traditional partition method except the band around the
lowest frequency at K. Even though the calculations were
performed using the primitive unit cell, the result with
d = 11 can well capture the overall dispersions obtained
from the DFPT (2× 2) and (3× 3) calculations. By con-
trast, the DFPT (1×1) result, which gives the consistent
frequencies at Γ, reveals a band having the imaginary fre-
quencies that cannot be overlooked. As shown in Fig. 7,
most of the imaginary frequencies become positive in the
DFPT (2×2) and (3×3) calculations. More specifically,
the imaginary frequencies exist only at the q points closer
to Γ in the DFPT (3×3) calculations. In the DFPT (2×2)
result, the imaginary frequencies having the similar un-
physical shape around Γ can be found without applying
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FIG. 7. The DFPT dispersions from Fourier interpolation
with 2×2 and 3×3 q-meshes using ABINIT code are presented
by the red and green curves, respectively. The dispersions
from the 2× 2 supercell force-constant calculations using the
proposed partition method with d = 2 and 9 are presented by
the blue and black curves, respectively. The DFPT result di-
rectly calculated for the selected q vectors is presented by the
circles (exact). The interpolated bands where the proposed
partition method gives better agreement with the exact solu-
tion than the Fourier interpolation implemented by ABINIT
code are indicated by the arrow. In the inset, the acoustic
branches using the traditional partition method and different
values of d are presented between Γ and 1/20 of Γ to K path
(see the legends).
the acoustic sum rule (not shown). Such imaginary fre-
quencies around Γ have also been reported in Ref. 46. As
shown in the inset of Fig. 7, the same type of imaginary
frequencies also exist in the 2×2 supercell force-constant
calculations using the traditional partition method.
Regardless of the imaginary frequencies around Γ,
both dispersions obtained from the 2 × 2 supercell
force-constant calculations using the proposed partition
method with d = 2 and 9, where the d = 9 result is
converged to the d = 11 one (not shown), are in good
agreement with the DFPT (2 × 2) and (3 × 3) results.
Concerning the imaginary frequencies around Γ, the re-
sult using d = 9 is found to possess an imaginary fre-
quency at the chosen q grids shown in the inset of Fig. 7.
Since this imaginary-frequency band is much shallower
than that obtained from the DFPT (3× 3) calculations,
the imaginary frequencies could come from the numerical
noise. Nevertheless, the effect of different values of d can
still be explored. The results with d = 1 and 2 are found
to carry no imaginary frequencies. For d = 3, the fre-
quency becomes imaginary and remains imaginary up to
d = 9. Since the increasing value of d should avoid intro-
ducing the imaginary frequencies, d = 2 can be chosen to
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keep the band on the positive-frequency side. Finally, we
address the effect of the proposed partition method on
the high-frequency band. In comparison with the exact
solution presented by the circles in Fig. 7, the proposed
partition method with d = 2 is found to give better agree-
ment in describing the high frequencies than the DFPT
(2 × 2) and (3 × 3) calculations, as pointed out by the
arrow shown in Fig. 7.
D. Phonon dispersion in twisted bilayer graphene
The phonon dispersion of twisted bilayer graphene
(T-BLG) has been studied using the Bornvon Karman
model and the Lennard-Jones potential for the intralayer
and interlayer interactions, respectively.47 Assisted by
the first-principles frozen-phonon method, the breathing
and shear vibrational modes in T-BLG have also been
investigated.48 In particular, the shear modes carrying
almost zero frequencies in T-BLG, which are difficult to
be accurately analyzed by the supercell force-constant
and linear response approaches, can be studied by cal-
culating the total energy against the shear vibration via
displacing the graphene monolayer as a rigid body. Dif-
ferent from the direct calculation of dynamical matrix,
the phonon frequencies are also reported using molecular
dynamics simulations.49 Here, the first-principles phonon
dispersion for T-BLG with a rotational angle of 21.8◦, as
shown in Fig. 8 (a), is presented using the proposed par-
tition method based on the LDA and the corrected GGA
with the van der Waals interactions (DFT-D2).50
The first-principles calculations were performed using
OpenMX code. C7.0-s2p2d1 was chosen for the basis
functions. A cutoff energy of 400 Ha was used for the
numerical integrations and for the solution of the Pois-
son equation. A 12 × 12 k-point sampling was adopted
for the primitive unit cell. In general, T-BLG could con-
tain a large amount of atoms in the primitive unit cell.
For the θ = 21.8◦ case, the unit cell contains 28 atoms,
which can be studied using atomic basis functions with-
out heavy computations. The experimental in-plane lat-
tice constant (a = 6.5190A˚)48 was used and c = 20A˚ was
adopted to avoid the interactions between T-BLG im-
ages. The relaxed interlayer distances by LDA and DFT-
D2 were found to be 3.4A˚ and 3.3A˚, respectively. For
the phonon calculations, the 1 × 1 and 2 × 2 supercell
force-constant calculations were performed with the dis-
placement of 0.01A˚.
Within GGA, the interlayer distance is found to be
unreasonably long and therefore cannot well describe
the interlayer breathing mode. The frequencies obtained
from the LDA and DFT-D2 calculations are 77.04 cm−1
and 95.53 cm−1, respectively. The reported frequencies
for the interlayer breathing mode are 89.5 cm−1,47 86.5
cm−1,48 and 94.56 cm−1.49 This suggests that to describe
the interlayer interactions, the inclusion of the van der
Waals interactions, as implemented in DFT-D2, can de-
liver the frequency that is consistent with experiments.49
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FIG. 8. (a) Structure of twisted bilayer graphene with a rota-
tional angle of 21.8◦. (b) Dispersions obtained from the 1× 1
supercell force-constant calculations with different values of d
(see the legends) within LDA using OpenMX code. The LDA
dispersion from the 2 × 2 supercell calculations with d = 30
is presented by the circles. The results using the traditional
partition method and the proposed partition method with
d = 9 obtained from the 1×1 and 2×2 supercell calculations
within (c) LDA and (d) DFT-D2 are presented by different
curves (see the legends). The frequencies at Γ and K obtained
from Ref. 47 based on the Bornvon Karman model and the
Lennard-Jones potential are presented by the squares.
In the 1× 1 supercell force-constant calculations, the re-
sults with d = 9 are found to be converged with the
d = 11 ones in both the LDA and DFT-D2 calculations.
The LDA dispersions near Γ with d = 1, 3, 5, 7, and
9 can be found in Fig. 8 (b). The phonon dispersions
using the traditional partition method and the proposed
partition method with d = 9 are presented in Figs. 8 (c)
and (d) for the LDA and DFT-D2 functionals, respec-
tively, where the results are in good agreement with the
phonon dispersion calculated using the Bornvon Karman
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model and the Lennard-Jones potential.47 Overall, the ef-
fect of the proposed partition method is found to improve
the description of the low-frequency bands in comparison
with those obtained from the more accurate 2 × 2 su-
percell force-constant calculations, for example, turning
the imaginary-frequency bands obtained from the tradi-
tional partition method to the positive-frequency bands,
which demonstrates the usefulness of the proposed par-
tition method.
As shown by the black curves in Fig. 8 (d), the pro-
posed partition method cannot fully eliminate the imag-
inary frequencies around Γ in the DFT-D2 calculations
using the primitive cell. The result has been improved in
the 2× 2 supercell force-constant calculations, where the
dispersion using either the traditional partition method
or the proposed partition method with d = 9 possesses no
imaginary frequencies except the nearly vanishing imag-
inary frequencies of the shear modes at Γ. Note that the
imaginary shear-mode frequencies cannot be eliminated
by any partition method but computational parameters
because q = (0, 0, 0) is an exact q point. The improve-
ment found in the 2×2 supercell is understandable since
more accurate weight of the force constants in the region
II of the primitive cell can be obtained. In the 2× 2 su-
percell calculations within DFT-D2, a larger value of d,
say d = 11, can introduce imaginary frequencies, showing
the sensitivity of the dispersion to the redistribution of
the weight of the force constants in the region II of the
2× 2 supercell.
On the other hand, the LDA dispersion can reach good
convergence without introducing imaginary frequencies.
The distribution of the force constants in the region II
described by the LDA are robust against larger values
of d in both the 1 × 1 and 2 × 2 supercell calculations.
The LDA result with d = 30 is presented in Fig. 8 (b)
for reference. Although the frequency of the breathing
mode is well described by DFT-D2, we note that not
all of the frequencies obtained by DFT-D2 are closer to
the reported frequencies. For the modes with the fre-
quency of 896.36 cm−1 at Γ,47 both LDA and DFT-D2
give lower frequencies, namely, 860.48 cm−1 and 850.26
cm−1, respectively. The calculated LDA and DFT-D2
phonon dispersions together with the reported frequen-
cies using different approaches47–49 can be used for the
interpretation of experimental data in the future.
V. SUMMARY
We have addressed the importance of proper partition
of force constants in the supercell force-constant phonon
calculations. Without a proper partition, the resultant
phonon frequencies and vibrations could be unphysical.
Using simple model structures, we have shown that ap-
plying symmetry operations can improve the phonon
properties but should be used with caution; otherwise, all
of the phonon properties, including those at the commen-
surate q points, can be affected. While there are abun-
dant ways to partition the force constants as can be con-
firmed by the discussed formulation, we propose a simple
way to partition the force constants based only on the
interatomic distance and translational symmetry. The
proposed partition method is compatible with the mixed-
space method for delivering accurate LO-TO splitting.
The phonon dispersions in NaCl, PbTiO3, and mono-
layer CrI3 with the properly partitioned force constants
are demonstrated to be consistent with those obtained
by the linear response method. The proposed partition
method can improve not only the low-frequency disper-
sion but also the high-frequency one, as demonstrated in
the case of CrI3. Finally, we present the phonon disper-
sion of twisted bilayer graphene with a rotational angle
of 21.8◦ calculated from first principles. The obtained
phonon dispersions are consistent with those calculated
using the Bornvon Karman model and the Lennard-Jones
potential. The partition method can also be guided by
symmetry operations and/or force-constant models as
long as the sum rule (Eq. 7) is satisfied.
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